Suppose we have N quantum systems in unknown states |ψi , but know the value of some pairwise overlaps | ψ k |ψ l | 2 . What can we say about the values of the unknown overlaps? We provide a complete answer to this problem for 3 pure states and two given overlaps, and a way to obtain bounds for the general case. We discuss how the answer contrasts from that of a classical model, and describe two applications: dimension witnesses, and characterisation of multi-photon indistinguishability.
Introduction. Equality is an example of an equivalence relation. In particular, it is transitive, so ∀A, ∀B, ∀C, (A = B ∧ A = C) =⇒ B = C. This allows us to infer the equality of two objects without ever directly comparing them. In this work, we will be interested in inferring as much as possible about two-state comparisons that were never made, based on information on two-state comparisons that were actually performed. There are various notions of quantum state comparison [1] . Here we focus on the two-state overlap (or linear fidelity) | A|B | 2 . Due to the probabilistic nature of quantum theory, a natural question is: given the values of the pairwise overlaps between some pairs of states, what can we establish about unknown pairwise overlaps?
In this Letter we provide a complete answer to this problem for three pure states, and show how to obtain bounds for unknown overlaps in the general scenario. We also discuss how the quantum bounds violate the expectations of a classical model in which states are diagonal in a single, fixed basis. Our results describe a fundamental aspect of the geometry of allowed quantum states, showing how two-state comparisons constrain the degrees of similarity between quantum states. We will also briefly describe two applications of our results: dimension witnesses, and characterization of multi-photon indistinguishability.
Quantum bounds. Let us start by formalising the problem and introducing notation. Let G be an Nvertex weighted connected graph. Let vertices represent unknown quantum states |ψ i , with edges representing known two-system overlaps with weights given by r ij = | ψ i |ψ j | 2 . The problem is to obtain tight bounds for the possible values for the unknown overlaps.
We first solve this problem for the smallest case N = 3; we will later see that we can leverage this solution to obtain non-trivial bounds for scenarios with N > 3 pure states.
The only non-complete connected graph with 3 vertices is P 3 , the 3-vertex chain graph (see Fig. 1 ). Let us call the two vertices at the ends of the chain B and C, with A being the degree-2 vertex. Suppose we know the values of
Our goal is to obtain non-trivial bounds for the unmeasured overlap r BC = | B|C | 2 , by varying over {|A , |B , |C } with fixed r AB and r AC .
States {|A , |B , |C } span a Hilbert space which is at most 3-dimensional. Without loss of generality we choose a basis {|0 , |1 , |2 } in terms of which: |A = |0 , |B = cos β |0 + sin β |1 , |C = cos γ |0 + sin γ sin αe iφ |1
+ sin γ cos α |2 .
with α, β, γ ∈ [0, π/2] and φ ∈ [0, 2π). This is possible by choosing the arbitrary global phases of each state, and applying diagonal unitaries in the computational basis to eliminate one relative phase from both |B and |C . Now we can extremize r BC = | B|C | 2 , given by r BC = cos γ cos β + e iφ sin γ sin β sin α 2 , subject to the constraints of fixed r AB = cos 2 β and r AC = cos 2 γ. This is done in Appendix A, and the result is as follows. The upper bound is:
The lower bound depends on the value of r AB , r AC as follows:
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We can write these bounds explicitly in terms of the given overlaps:
and, if r AB + r AC > 1,
otherwise r BC ≥ 0. In all cases the bounds are tight, in the sense that there always exist values of the free parameters α and φ for which they are attained.
In the more general case of mixed states, the overlap between density matrices ρ and σ is given by the linear fidelity r ρσ = tr(ρσ). It is possible to measure r ρσ without obtaining any other information on ρ or σ. This is done via the SWAP test [2, 3] , which effects a projection onto the symmetric subspace. In Appendix B we prove that the bounds (1)-(2) also hold for mixed states of qubits, though we did not prove they hold for general qudit mixed states.
The bounds (1)-(2) obtained for the P 3 graph can be leveraged to obtain bounds for a general connected graph G with any number N > 2 of vertices (systems) and edges (known two-state overlaps). We can do this by decomposing G into P 3 subgraphs and repeatedly applying the 3-state bounds, as follows.
Consider one P 3 subgraph of G, labelling its vertices as A, B and C as before. By applying our previous reasoning, we obtain an interval of possible (and attainable) values for r BC . We then cycle A over all vertices that are adjacent to both B and C in G, and take the intersection of the inferred possible ranges for r BC . A new bona fide edge is then added between vertices B and C, with weight given by the corresponding intersection of ranges for r BC , creating a new graph G .
The above procedure can be repeated by taking, at every step, a new pair of vertices with a common neighbor and adding a new edge between them, until we have a complete graph with weights corresponding to inferred overlap ranges. In the intermediate steps, one or both overlaps r AB or r AC might actually correspond to a range inferred in a previous step. In that case, the range of values for r BC will be the union of all values allowed by all possible values of r AB or r AC in their corresponding inferred ranges. This procedure is illustrated in Fig. 2 for a 5-cycle graph.
After obtaining a complete graph, it may be necessary to revisit each inferred edge to tighten its bounds using edges that were added after it in the sequence of steps (this is also observed in the example of Fig. 2 ). We leave it as an open question whether this procedure is optimal, but emphasize that even the initial iteration that produces a complete graph (b) We apply the 3-state bounds in the main text on all P3 subgraphs of the 5-cycle to infer ranges of values for the dashed edges. We find that the red edges rBE = rAC = 1, the blue edges rAD = rBD = 3/4, and the yellow edge rCE ∈ [1/4, 1]. These bounds can, however, be tightened by revisiting the yellow edge, bounding it by a 3-state argument using the original edge rBC = 1 together with edge rBE = 1 inferred in the first round, to conclude that rCE = 1 as well.
already provides bounds for every pair of vertices, which may be useful even if not tight. If one is interested only in tight lower bounds, the procedure above becomes simpler. It can be shown that the lower bound (2) is a monotonically increasing function of r AB , r AC . Therefore, to obtain a lower bound for r BC in a step where r AB and/or r AC are already given by ranges inferred in previous steps, it suffices to take the minimum of each range.
Let us now see how the quantum bounds (1) and (2) for unmeasured two-state overlaps violate expectations of a well-motivated classical model, in which states are only allowed to be probabilistic mixtures of a fixed basis.
Classical bounds and their quantum violation. The classical model we consider here corresponds to states and measurements which are diagonal in the same basis. More precisely, we start by choosing a reference observableÔ, with its orthonormal basis of eigenvectors {|φ i }. We then define classical states ρ c (with respect to observableÔ) as convex combinations ofÔ's eigenstates |φ i :
The two-system overlap tr(ρσ) of classical states is then given by the probability of obtaining the same outcome v(Ô) when measuringÔ independently on the two states:
The overlap gives the probability that states ρ and σ give the same outputs for measurements of observables associated with eigenstates of either ρ or σ. Note that for general (non-classical) quantum states the expression for tr(ρσ) involves also coherences, i.e. off-diagonal elements of the two density matrices. The classical state ρ c of Eq. (3) yields, for measurement of reference observableÔ, outcomes v(Ô) i with respective probabilities p c i . This is just a quantum way of parameterizing an arbitrary classical probabilistic process. We can consider 3 independent such processes A, B and C which assume values v(A), v(B) and v(C) with respective probabili-
. Now let p AB denote the probability that the independently drawn values for A and B are the same, so
Given two propositions a 1 , a 2 , it is always true that
We now use inequality (4) above to obtain bounds for two-state overlaps of classical states. Start by assigning propositions a 1 and a 2 as follows:
Inequality (4) then yields:
Using the previous notation p BC = p[v(B) = v(C)], and permuting indices, we obtain the following logical coherence inequalities:
Ref. [4] gives an introduction to such linear inequalities describing logical coherence, first discussed by George Boole in 1854 [5] .
Since for classical states p AB = tr(ρ A ρ B ), the logical coherence inequalities (5-7) yield the following inequalities for the three two-state overlaps r ij = tr(ρ i ρ j ) of classical states A, B, and C:
Since classical models are strictly contained in the set of quantum models, these classical bounds are more restrictive than the previous quantum bounds (1) and (2) . Any violation of the classical bounds signals non-classicality, i.e. that there is no basis that simultaneously diagonalizes ρ A , ρ B and ρ C . In Appendix A we show that the maximal violation of inequality (8) is obtained by three 2-dimensional states on a great circle on the Bloch sphere, separated by consecutive angles of π/3 (with A being the central one). For these states r BC = 1/4, and yet r AB = r AC = 3/4, so that r BC = 1/4 < r AB + r AC − 1 = 1/2. Maximal violations of (9) and (10) can be obtained by permuting indices A, B, C in the previous example.
Inequalities (8)- (10) are tight classicality inequalities for graph P 3 . In Appendix C we extend this argument to obtain the following classicality inequalities that apply to any m-edge connected graph G:
for all pairs of vertices {k, l} in G. For any pair {k, l}, the expression above actually represents multiple inequalities coming from all possible connected subgraphs of G that contain those two vertices. Next we describe two applications of our results. Application: dimension witnesses. The bounds on unmeasured overlaps are different if we introduce constraints on the system's Hilbert space dimension. As an example, let us assume that systems A, B, and C are qubits. It is easy to see that r AB = 0 and r AC = 0 implies r BC = 1, while for largerdimensional systems the unmeasured overlap r BC is free to range from 0 to 1.
More generally, in Appendix A we show that the bounds for r BC in the 3-state scenario for pure qubit states are:
These have the same form as those for qudits [i.e. Eqs. (1-2) ]. The only difference is that, now, for the lower bound on r BC to hold, it is not necessary to have r AB + r AC > 1. This difference induced by constraining the local Hilbert space dimension shows that pairwise overlap measurements can serve as dimensionality witnesses. When r AB +r AC ≤ 1, a measured value of r BC that violates the lower bound (13) would indicate that the Hilbert space spanned by the three states is necessarily 3-dimensional, which implies they cannot be qubits. Application: characterizing multiphoton indistinguishability. In multiphoton experiments, a spectral function |ψ is used to describe the degrees of freedom of a single photon which are inaccessible to the detectors (see e.g. [6] ). For applications such as linear-optical quantum computation, it is necessary to have a high degree of indistinguishability between all photon pairs. The traditional prescription to characterise multiphoton indistinguishability is to perform one Hong-Ou-Mandel interferometry test [7] for each photon pair, thus estimating all pairwise overlaps between the spectral functions |ψ i . Each Hong-Ou-Mandel test can be understood as a photonic implementation of a SWAP test [8] .
If the N -vertex graph G describing the N photon states is connected, it has at least N − 1 edges. For sufficiently high values of these known two-state overlaps, it is possible to use our results to obtain lower bounds on all unmeasured two-state overlaps. This reduces the number of required two-photon interferometry experiments from O(N 2 ) to O(N ), which considerably simplifies the experimental effort required for characterisation of multiphoton sources. In [9] we described a family of simple interferometers that provide this simplification when G is a Nvertex star graph, i.e. when the state of one photon is compared against the state of all others. Ref. [9] also reported a 3-photon proof-of-principle experiment using classical states.
Discussion. We have considered the problem of bounding the possible values of some pairwise quantum state overlaps given the known values of a set of pairwise overlaps. We completely solved the case of N = 3 pure states and two known overlaps, discussing how these bounds violate the expectations of classical, coherence-free models. We have also discussed how to leverage these results to obtain bounds for the general scenario involving any number of pure states.
Our classicality inequalities derive from logical coherence, mirroring arguments used to derive noncontextuality and Bell non-locality inequalities [4] . It would be interesting to obtain more concrete connections between our results and these two other notions of classicality. As quantum coherence is required to violate our classicality inequalities, our results may have an interpretation in terms of resource theories for quantum coherence [10] . Our approach may also be useful in clarifying the limitations of epistemic models for quantum theory [11] [12] [13] .
We have described two applications of our results, for the characterisation of multiphoton indistinguishability and as a Hilbert-space dimension witness. Our results may also find applications in other state-comparison protocols, such as quantum fingerprinting [2] , and problems in quantum communication complexity [14] and quantum machine learning [15] .
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In this Appendix, our goal is to prove the bounds on overlap | B|C | 2 given known overlaps | A|B | to also be large. The converse is not necessarily true: if both known overlaps are close to zero we know that |A is almost orthogonal to both |B and |C , but |B and |C could just as easily be identical or orthogonal. Nonetheless, there are two cases where we might give a meaningful bound when | A|B | 2 is small. The first is when all systems are qubits. In this case we cannot have three mutually orthogonal states, and so the almost-orthogonality between |A and the others would imply that the overlap between |B and |C must be large. The second case is when | A|B | 2 is small but | A|C | 2 is large-in that case, we can also expect | B|C | 2 to be small. We now discuss all of these bounds in turn.
General bounds on
Suppose we have three states |A , |B , and |C , such that both | A|B | 2 and | A|C | 2 are known. Let us begin by parameterizing these state in an economical way.
Without loss of generality, assume that the three states are spanned by basis states {|0 , |1 , |2 }. Furthermore, we can align the basis states in a convenient way to use the following parameterization: |A = |0 |B = cos β |0 + e ia sin β |1 |C = cos γ |0 + e ib sin γ sin α |1 + e ic sin γ cos α |2 .
We can now apply a unitary transformation U = diag(1, e −ia , e −ic ) to all states and redefine φ = b − a. This gives us three new states that have the same pairwise overlaps as the original ones, and we reach our final parameterization: |A = |0 |B = cos β |0 + sin β |1 |C = cos γ |0 + e iφ sin γ sin α |1 + sin γ cos α |2 , where α, β, γ ∈ [0, π/2] and φ ∈ [0, 2π). From this we have the two known overlaps
which are fixed, and the third overlap we wish to bound:
Our goal now is to find the extrema of Eq. (A4) with respect to parameters α and φ. To that end we differentiate this function with respect to α and φ and write This equation now has two solutions. The first is cos α = 0, in which case sin α = 1 (recall that α ∈ [0, π/2]) and we have
The other solution occurs when sin α = ∓ cos β cos γ sin β sin γ , in which case we have
We have thus obtained four extrema of | B|C | 2 :
We now need to check whether each of these values are maxima, minima or saddle points. The value 0 clearly is a minimum, but we also need to check under which conditions it can happen. As we show shortly, this minimum is attainable if
Interestingly, this is the same condition as that necessary to guarantee a nontrivial bound for overlaps of classical states [cf. Equation (8)]. In other words: although, as discussed in the main text, the quantum lower bound is looser than the lower bound for classical models, the condition that guarantees they are nonzero is the same for both.
To investigate the extrema of | B|C | 2 we use the following:
Lemma 1. If x, y ∈ (0, π/2) are such that cos 2 x + cos 2 y > 1, then the following hold:
Proof. For the first part, write
cos 2 x cos 2 y + 1
from which the inequality follows. For the second part, write
[cos(x ± y)] 2 = cos 2 x cos 2 y + sin 2 x sin 2 y ∓ 2 sin x sin y cos x cos y = cos 2 x cos 2 y + sin 2 x sin 2 y 1 ∓ 2 tan x tan y using the first inequality we see that the terms in parenthesis has the same sign as the plus/minus sign within, and so the second claim follows.
We now set x = β and y = γ in lemma 1, to conclude the following: whenever
the minimum | B|C | 2 = 0 does not occur. Furthermore, in this case the extremum given by cos 2 β cos 2 γ is contained between the two values of cos 2 (β ± γ), from which we conclude it must be a saddle point. Finally, combining all these together we conclude that, whenever
the lower and upper bounds for | B|C | 2 are cos
for | B|C | 2 is the same but the lower bound is 0. It is important to emphasize that, since these bounds were obtained by direct minimization over the free parameters α and φ, they are always attainable. That is, given the two fixed overlaps, there always exist states |A , |B , and |C for which | B|C | 2 achieves the lower and the upper bounds.
Bounds on | B|C | 2 for qubits
Suppose now that all subsystems are known to be qubits. Our general parameterization of the three states can now be written as
where β, γ ∈ [0, π/2] and φ ∈ [0, 2π). From this it follows that
+ 2 sin β cos β sin γ cos γ cos φ.
Differentiating with respect to φ to obtain the extrema we find
We conclude that the two extrema are cos 2 β cos 2 γ + sin 2 β sin 2 γ ± 2 sin β cos β sin γ cos γ = cos 2 (α ± ).
Although this expression is similar to the two bounds found in the general case, the analysis here can be qualitatively different due to the possibility that r AB + r AC ≤ 1, in which case the lower bound for the qudit case is 0 in contrast with the qubit case.
Maximal violation of classical bounds
We now prove that the violation of the classical bound of 1/4 described in the text is the maximum possible. To prove this, we want to maximize the difference between the classical lower bound of Eq. (8) and the quantum lower bound of Eq. (2). In our parameterization, this difference can be written as
Notice that we assuming are assuming cos 2 β + cos 2 γ > 1, otherwise both classical and quantum lower bounds become trivial. We now wish to maximize D with respect to both β and γ. To do this, we need
Simple manipulations show this is equivalent to sin γ cos(2β + γ) = 0, sin β cos(β + 2γ) = 0.
Recall that γ, β ∈ [0, π/2]. In this range, the solutions to these equations with sin γ = 0 or sin β = 0 are minima, since they lead to D = 0. The remaining solutions correspond to cos(2β + γ) = 0, cos(β + 2γ) = 0.
In the domain of interest, these equations have a few solutions. By enumerating them it is easy to check that the maximum of D is 1/4. This maximum is obtained, for example, for γ = β = π/3. A set of three states which has these values for and reaches the maximal violation of the classical bound is
These states, up to a rotation of the Bloch sphere, correspond to three states in the equator of the Bloch sphere separated by consecutive angles of π/3, with |A in the center, as claimed in the main text. A similar calculation shows that the maximal quantum violation of the classical upper bound is also 1/4. A set of three states that achieve this is
Note that these also correspond to three states in a great circle of the Bloch sphere separated by consecutive angles of π/3, as in the case of the maximal violation of the lower bound, but now we have |B in the middle. This corresponds to the observation, in the main text, that the classical bounds of (5-7) can be obtained by each other from a relabeling of indices A, B and C.
Appendix B: Quantum bounds for mixed qubit states
In this Appendix we prove that our quantum bounds of Eqs. (1)- (2) extend to arbitrary mixed states for qubits. As in Appendix A 2, the quantum bounds we obtain for mixed qubit states in what follows hold regardless of whether condition r AB + r AC > 1 is satisfied.
As a warm-up, suppose that qubit A is in a pure state (say, |0 ). Now suppose B and C are in states ρ and σ, respectively, parameterized by:
where ρ 0 , σ 0 ∈ [0, 1]. Clearly the conditions that ρ and σ have trace 1 and are Hermitian are already taken into account by the parameterization. For these to be proper mixed states we also need trρ 2 ≤ 1 and trσ 2 ≤ 1, which can be written as
With these parameterizations, we can write the overlaps as
We want to show that r − ≤ r BC ≤ r + , where [cf. Equations (1)- (2)]
Comparing the above with Eq. (B5) we see that proving the required bounds on r BC is equivalent to showing that
Note now that
where the first inequality follows from the triangle inequality, and the second follows from Eqs. (B1)-(B2).
Since the inequality holds, this implies that r − ≤ r BC ≤ r + , as claimed. Let us now extend the above result to when qubit A is in a mixed state as well. Let us work in the basis where the state of qubit A is diagonal, and we parameterize it as
such that ψ 0 + ψ 1 = 1. In this case, we have that Eqs. (B3)-(B5) become
Our goal is again to prove that, for arbitrary ψ 0 and ψ 1 , the bounds r − (ψ 0 , ψ 1 ) ≤ r BC ≤ r + (ψ 0 , ψ 1 ) hold, where
We write the dependence of r pm on ψ 0 and ψ 1 explicitly, but omit this dependence from r AB and r AC for simplicity of notation (note that r BC does not depend on ψ 0 and ψ 1 ). We proved that r − (ψ 0 , ψ 1 ) ≤ r BC ≤ r + (ψ 0 , ψ 1 ) holds for A pure, or equivalently for both limits ψ 0 = 1 and ψ 1 = 1. The fact that the bounds hold for all ψ 0 and ψ 1 follows from their concavity/convexity. More specifically, define the functions
A function f (x, y) is convex on a convex region of R 2 if and only if its Hessian matrix is positive semidefinite in the interior of that region [16] . By testing this property we can show that f − is convex and f + is concave in the region defined by x, y ∈ (0, 1). In particular this means that, for a, b ∈ [0, 1] such that a + b = 1, we have
By choosing a = ψ 0 , b = ψ 1 , x 1 = ρ 0 , x 2 = 1 − ρ 0 , y 1 = σ 0 , and y 2 = 1 − σ 0 , the above inequalities imply
where the last inequality follows from our previous results for the case of pure A and from the fact that r BC does not depend on ψ 0 and ψ 1 . By combining the above with a similar reasoning based on the convexity of r − we obtain
as desired.
Appendix C: Proof of the classical bounds
In this Appendix we prove bounds for the joint probability of N events. These were proven by George Boole [5] , but we include a proof for completeness. We then use those results to obtain inequalities that must be satisfied by classical states [as in Eq. (3)], with known pairwise overlaps described by any connected graph G. These general inequalities, described in Eq. (11) of the main text, have as a particular case the classical bounds for the 3-vertex graph P 3 , i.e. inequalities (5) (6) (7) .
Consider N logical propositions a 1 , a 2 , . . . , a N , and let p(a i ) be the probability that proposition a i holds. Let p(a 1 ∧a 2 ∧. . .∧a N ) be the probability that the joint proposition holds, i.e. that all {a i } are simultaneously true. We now show that logical coherence implies simple linear inequalities that p(a 1 ∧ a 2 ∧ . . . ∧ a N ) must satisfy.
We start with the simplest case of N = 2 propositions {a 1 , a 2 }. Using 0 for false and 1 for true, let us write the truth table for the AND (∧) function: Let us interpret each row in the table above as a vector p in a 3-dimensional space of probabilities p = (p(a 1 ), p(a 2 ), p(a 1 ∧ a 2 ) ). Since the table contains all possible truth assignments for a 1 and a 2 , the most general, logically coherent vector p must be a convex combination of the rows of Table I . In our case, the logical coherence conditions for {p(a 1 ), p(a 2 ), p(a 1 ∧ a 2 )} are simply the faces of the tetrahedron whose vertices are the rows of Table I . The four faces are described by inequalities:
Inequality (C1) is trivial; inequalities (C2) and (C3) simply state that the conjunction of two events must not happen more often than each of them separately, whereas inequality (C4) gives a bound on p(a 1 ∧ a 2 ), which follows from the inclusion-exclusion principle in probability theory.
The method described above, due to Pitowsky [4, 17] , is general, and can be applied to m independent propositions together with any set of Boolean functions of them. First, we compile a list all 2 m truth values for the m independent propositions, together with the corresponding truth values of the Boolean functions of interest (in the case above, a 1 ∧ a 2 ). The rows of the resulting table are then interpreted as vertices of a polytope, and its facets as our desired logical coherence conditions. These facets can be found using well-known convex hull algorithms (e.g. [18] ).
We can apply the above method to m propositions a 1 , a 2 , ..., a m and their joint proposition a 1 ∧a 2 ∧...∧a m . Each vertex of the polytope is a vector in a (m + 1)-dimensional space of probabilities. Given the simplicity of the vertex list for this polytope, it is easy to check that the following inequalities are satisfied by all vertices, and hence by the complete polytope:
p(a 1 ∧ a 2 ∧ ... ∧ a m ) ≤ p(a i ), ∀i = 1 . . . m.
Inequality (C5) is saturated by exactly m affinely independent vertices-those containing exactly two zeroes, plus the vertex with only ones-and thus constitutes a facet of the polytope. Each inequality (C6) is saturated by 2 m−1 + 1 vertices, which also generate an m-dimensional face, i.e., a facet of the polytope. Let us now consider how to apply inequalities (C5) and (C6) to obtain bounds for two-state overlaps of classical states. We start by considering N independent random processes A i , which yield outcomes v(A i ) with probabilities p[v(A i )]. Let p ij denote the probability that the independently drawn values for A i and A j are the same, so
where the sum is over all possible outcomes.
Consider an arbitrary, connected graph G with N vertices and m edges. Each vertex represents a random process A i , while edges {i, j} ∈ G represents a comparison between the outcomes of a pair of neighboring vertices/processes. We assign a logical proposition to each edge {i, j} ∈ G: a i,j := v(A i ) = v(A j ), ∀{i, j} ∈ G.
(C7) Inequality (C5) then yields:
Since G is connected, for any vertex pair {k, l} (even those not connected by edges of G), it is true that 
We now apply inequality (C10) above to obtain inequalities that bound the overlaps of classical states, defined as mixed states which are diagonal in a fixed, reference basis {|φ i }. As noted in the main text, the two-system overlap r ij = tr(ρ i σ j ) of classical states is the probability of obtaining the same outcome when measuring the two states in the classical basis: Classical states can be viewed as a quantum way of parameterizing general independent probabilistic processes. This identification enables us to interpret inequality (C10) as an inequality about overlaps r kl = tr(ρ k ρ l ) of classical states, leading to r kl ≥ 1 − m + {i,j}∈G r ij , where {k, l} are any pairs of vertices in G. The inequality above actually represents many inequalities since, for any pair {k, l}, we can apply it to any connected subgraph of G that contains these two vertices.
